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¢ Finding the matrix exponential using Laplace transforms
¢ The error function (and related matters)
¢ Applications of Laplace transforms to the solution of PDEs

» Method of weighting functions (for non-zero ICs)
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N = L7 [sT— A"}

STEP 1: Given the matrix A4, construct the new matrix (sI — A).

STEP 2: The elements of the new matrix constructed are linear functions in s.

Find the inverse of this matrix by using standard matrix operations (see the background
material posted on Brightspace). The elements of the inverse matrix will be fractions that
depend on s.

STEP 3: For each entry in the inverse matrix constructed at ‘STEP 2', you will need to find
the corresponding inverse Laplace transform (partial fractions and the simplified table will
do the job in most cases). The inversion will produce functions of t.

STEP 4: Once you complete ‘STEP 3’, place all the results back into a matrix; that matrix
will correspond to the matrix exponential on the left-hand side in the above formula.
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a=13 A> s1-al= "1 7%

distinct eigenvalues 1 and 2

§—95 6
2.3 2 2.3 2
[SI—A]_1= ) s + ) S-l—\
23510 23532 s“—=3s+2=(s—-2)(s—1)
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s—5 4 3 6 6 6

JA _ |:4€" — 32 —6e' + 662‘1

(final answer)
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=37 By meas[y ]

-eigenvalues —1 &+ 2;

s —1 —
ST— A = s24+2s+5 52425 +5
: 2 S "‘3\\» irreducible
| P25 +5 sT+2545 ] quadratic
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s—1 B s+ 1 2
s24+25s+5 (s+1)2422 (s+ 1)2+22

A _ e~ '(cos2t —sin2t) —2e7"sin2t
- e~ sin 21 e~'(cos 2t + sin 2t)

(see pp. 421-422 for an (final answer)
additional solved example)
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2 8
erf s = —/ exp(—u’)du
V7 Jo p(

erfc(x) = 1 — erf(x), complementary error function

These functions crop up in many places in applied mathematics.
For all practical purposes they should be regarded as being known.
They are available in most maths computer packages (e.g., MATLAB, MAPLE etc).
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 Similar to ODEs, but the unknown function(s) depend on two or more
Independent variables.
 The ordinary differentiation is replaced by partial differentiation (hence the name).

most general form of

H(x, y, U, Uy, Uy, Uyy, Uyy, Uyy) =0, a second-order PDE
for a function of 2 independent
variables

where H 1s an arbitrary function of its arguments, and for conciseness the suffix no-

- ¥ i ¥ é i ¥ 7 ¥ I ¥ ¥ 2 é 2
tation uy = du/ox,uy = ou/oy, Uxy = azu/ax“,u}'x = 9%u/dxdy, and Uyy = 0°U/OY"
has been used.

, 2 _
H_xx + Liy}, — 0 H”Ir - C WIX —_ O.

u=u(x,y) w = w(x,t)

(Laplace’s equation) (the wave equation)


https://en.wikipedia.org/wiki/Partial_differential_equation
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197 8T one-dimensional heat equation
kOt 9x? T = T(x,t) temperature in a heat-conducting solid

at position x and time ¢t

T(x,0) =0, x>0

4 T(0,t) =T, t>0
T=T, T(x,t) <oo forx>0,t>0

10T _0°T
kot ox?

>

0 X

T(x,t) =?
A semi-infinite metal slab.
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19T 8°T
Kk Ot dx2

OVERVIEW (solution strategy):

a) Take the Laplace transform w.r.t. t.
That eliminates the partial derivative w.r.t. t

b) You are left with a 24 order ODE in x

c) Use the given conditions (e.g., temperature must remain finite as x — oo) to simplify
the general solution of the aforementioned 2" order ODE.

d) Use the inverse Laplace transform to return back to the (x, t) domain

e) Asarule, the inversion in the previous step will invariably require a more complete
inversion table than our simplified one. Such tables are available on Brightspace
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L Laplace transform
T(x,s)= ,L{T(x, t)} w.r.t. ¢ of the unknown

function
LT (x,t)/0t} =sT(x,s) — T(x,0)
| 0°T(x,s)
L{07T(x,1)/9x7) = —
— d’T(x,s) =y S
sT(x,s) =« > I —;T:()

T(x,s) = Aexp [\/gx] — Bexp[—\/gx}
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Tix. s) = Bexp[—\/gx}
r(0,t) = Ty (LT, 1)) = To/s

Tix. s) = ?exp[—\/gx}

How do we Laplace invert this s-function??
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You can take the inverse from the more complete table posted on Brightspace.

T(x,s) = ? exp[—\/gx}

1, @ . _3/2 —a?/(41) —a/3
14 Qﬁt C (@ > 0) e
15 erfc(i> (@ >0) 1e_‘ﬂ' ;
/_\ C\2vt | s
X
X 4=
T(x,t):]ﬁerfc{zﬁ}, forx >0, t > 0. Vk
K
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— T;

T(x,s)= =l exp[—\/zx} -1 {@}
A) K S
g J
'
F(s)
S

(1L _ .2 —a/s —_— X
14 mt ‘IEE"“:) (ﬂ,}{]) e avs a_\/z
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T(x,s) = ? exp[—\/gx}

The transform of an integral Let f(f) be a piecewise continuous function such
that | f(¢)| < Me* for k > 0 and all t > 0. Then, if £{ f(t)} = F(s).
( (1) = H (0p.406-407)

ﬁ{/or f(t)dr} O o 5ok

\)

—1 = f T)drT.
L(F(s)/s) = [0 f(1)d
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T(x,s) = ?exp[—\/gx]

~ J
Y
F(s)
S
14 /] t—3/2 e_a-gf{‘ﬂ) ([1- ~ D) E’_ﬂﬁ

2/

Lxt'=3/2 x2
Tx.t) = To f exp (— )dt’—> T(x,t) =

o 2Vkm 4kt
Wk
——u > 324t = - gy

2V kt' X

_ 2T, J
x/2\kt

L1 @
S

—2T, x/2\kt
= exp(—u®)dt

VT Jo

co

exp(—u®)du
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xt' 3/2 xZ ZT x/2Vkt ,
T(x,t =Tj exp| — dt—=> T(x,t) = —— exp(—u“)du

2T,

= exp(—u?)du
ﬁ x/2\kt

NG

o 2 (00
exp(—u?) du = —f exp(—u?)du =1
| al

oo 00 A 2 x/2\Vkt ,
L(...)zjo (..)— Jo (..) =—> T(x’t)_TO(l_\/_ﬁj;) exp(—u*)du)

X X
Tol 1 —erf = T, erfc
wi (- = ()
X =7 % t,_3/2dt,:—_du Zm 2\/k_t

2Vkt' X
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The Laplace transforms of «(x, 7) and its partial derivatives:

L{u(x, 1)} =U(x,s) = f e *u(x, t)dt
0

ou(x,tr)

rﬁ* ("C. )
ot

ou(x,t)

)
- 0x

[ 0%u(x,t)

78 H(z )
BEE

[ 0%u(x,t)

. u(x,r)
| 0x?

[ 0"u(x.t)

] uten)
L a‘xﬂ

- =sU(x,s) — u(x,0)
 =sU(s,t) —u(0,1)
= 5°U(x,s) —su(x, 0) — u,(x, 0)

= 52U(s, t) — su(0, t) — u (0, 1)

_ d"U(x,s)

o n=1,2,....
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We are going to look at the extension of the method discussed previously; this extension involves
the case when the initial conditions are NOT zero.

This extension is briefly mentioned in Q.25 on page 435 (in the chapter posted on Brightspace).
What you find below is all the details you need to apply the weighting function method in general.

dny dn—ly dy
dn-l_ Tlldtn_l-l_”.-l_ald +a0y f(t)

y(0) = o, YV(0) =y, yP(0) =y,,..., y*V(0) = y,_4

By taking the Laplace transform of the equation and using the initial conditions:

(a,s" +a,_ 18" 1+ 4+ a;s+ ayg)Y(s) + H(s) = F(s)

P(s) P(s)Y(s) + H(s) = F(s)
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The weighting function:

dn dnl
den T -1 gt

dw
an + -+ aq d_ + AgW = S(t)

w(0) =0, w0 =0 w?(0)=0,.., wm™D©OQ)=0

Ps)W(s)=1=> W(s) = % w(t) = L7HW (s)}
h(t) = L7Y{H(s)} P(s)Y(s) + H(s) = F(s)
| Y(s) = W(s)F(s) — W(s)H(s)

t

t
y(t) = j w(t)f(t—1)dt — j w(t)h(t — 1) dt
0

0

5(t),6'(t), etc
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6(t) = £7H{1}

bs(t) = L71{b}

5'(t) = L7s}
ad’(t) = L7{as)

L7 YHAs + B} = A6'(t) + B5(t)

OBS.

In a 2" order ODE, H (s) will be at most a linear polynomial.
You'll need to use the above formula to get h(t).
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EKGMPJ@
Soke the lmhaL value fm“em
{ Y L ng 5:3 = Pe?
yo=5 , ylo=0

éj Uél'f}j the wegb%rlj ﬁmd‘ibn me‘l%oo} ,

STEP) : Find the WQBM@ funchion :
W bl Sur- Stt) Wio)=w'(g)= O

I W)= L] w®) = wig- _| =

SHUs-5  [(+5) (1)

ofle 1L LN fe* o™

G e e, it i WL T

PN—
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122 ¢ Tdeokfy HE) and Hen fid )= £7{ HES))

] S'LY(S)-SS(OH'@ o-L]

) 9=d [ ylof
L= 5y =
Bl 92/@ yb) <5 y'b)=o

thce H@: ~ 53(o>_.‘13[0) = - 55-20

e LW e — 5 17 5] = an il fT]
=-55(%) -204)

h()) - - 58" )-20 S (k)
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Y- § w(D)f (t-7)dr ~ fwv(z) h(t-7)dT

(o]

= {-S"G* [ 1:' —sr 3(’c z) & gl ('C fS'L')[ 55'(64)-205&4)]6]{

W W
}1 }2,
= T 3t-3T sT 3t-3T
gl" L'_g(e,-e — e @ )cl'f
3
o{_ L
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§

University of
HUDDERSFIELD

Sl(-x):—S'(x)
=

§¥(r>8'(f~f) =t

discussed 1 +he ptevious Session

t
L= 5 ( (= )8 (t)dt
© %

t
s —-St
,1_3g g (e=e”" ) §(e-t)dt

o

o t -5t o 'EP -6t
5 (e - Lo (e

3 -
3.—_92-:_22‘\‘4— i St

-5t
3 Ze +_L€ +5€,+258 _,__'Oe,___ Oe

1
2
2t
T R
4 2 6
£ = otk 3t
Y= Te+e +2L~e

—

g (_L +25 __'_Q)e’%

~5t




